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a b s t r a c t
We present a ﬁnite-strain thermo-mechanically coupled continuum theory to model
the material response of phase transitioning (metastable) austenitic steels from ambient
(room) to cryogenic temperature. We applied our model to 316L stainless steel which
shows plastic strain driven transformation from FCC austenite to BCC martensite phase
at temperatures below room temperature and calibrated the model parameters using uniaxial tension tests at room and cryogenic temperatures. The constitutive model is able to
successfully model the observed second strain-hardening behavior at cryogenic temperature due to formation of harder martensite at large strains. We implemented our coupled
thermo-mechanical-phase transition model in the ﬁnite element program Abaqus by writing a user material subroutine and validated the model by conducting ﬁnite element based
tension and compression simulations for a room temperature formed corrugated pipe.
Comparisons of mechanical response between our simulation predictions and full-scale
tests for the corrugated pipe at both room and cryogenic temperature show good accuracy of our model. We also conducted simulations to investigate the austenite-martensite
phase transition near a notch tip in a ﬂat plate geometry.
© 2019 Elsevier Ltd. All rights reserved.

1. Introduction
Austenitic steels are widely used in the industry for their excellent ductility, strength and corrosion resistance over a
wide range of temperatures. Automotive industries (Bleck and Schael, 20 0 0; Jacques et al., 2007) and cryogenic applications
(e.g. Liqueﬁed Natural Gas (LNG) ﬂexible pipes) (Choi et al., 2012a; 2012b; Chul Kim et al., 2011; Kim et al., 2014; 2012;
2013; Ryoo et al., 2011; Srivastava et al., 2011; Tyshchenko et al., 2010; Yang et al., 2017) are some examples where phase
transitioning austenitic steels play an important role. In the LNG transport pipes, steels used for cryogenic LNG containment
layer experience complex thermo-mechanical loading history in which they are plastically formed at room temperature during the cold forming process and are subjected to operating loads at cryogenic temperature (loads on LNG transfer pipes in
an offshore environment can be very severe). The steels for LNG applications such as 316L stainless steels (SS) are austenitic
steels that exhibit history-dependent, plastic strain driven austenite-martensite transformation that allows substantial strainhardening.
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At cryogenic temperatures, austenitic steels show a prominent temperature-driven austenite-martensite transformation. If
austenite is cooled below a certain temperature known as martensite start temperature (Ms ), it spontaneously transforms into
martensite. The martensite volume fraction evolves very rapidly in time and is governed by Koistinen-Marburger equation
(Koistinen and Marburger, 1959). Deep cryogenic treatment is sometimes performed in certain types of steels to obtain lowtemperature martensitic transformation for tool steels with excellent wear properties (Gavriljuk et al., 2013; Tyshchenko
et al., 2010). For 300-series austenitic steels, the values of Ms are below 0 K, making these steels stable to purely temperaturedriven spontaneous martensitic phase transformation. However, these steels are metastable since they can undergo plasticitydriven phase transformation to martensite for temperatures above Ms . The plasticity-driven phase transformation kinetics are
strongly temperature dependent. While at room temperature, no substantial amount of martensite forms even for large
plastic strains, the kinetics change rapidly at lower temperatures. At cryogenic temperatures, austenitic phase can rapidly
transform into martensitic phase through a strain-assisted mechanism (Olson and Cohen, 1975). The volume fraction of
martensite depends on the temperature, deformation history, and alloy composition. Since the α  -martensite offers much
higher resistance to plastic ﬂow than the γ - austenite, as the SS is deformed, a second strain-hardening is often observed.
In this paper, we model the response of metastable austenitic steels and their transformation to martensite in the room
to cryogenic temperature range. Metastability increases the formability of the steel and makes austenitic steels especially attractive for automobile parts (Bleck and Schael, 20 0 0; Jacques et al., 20 07; Kim et al., 20 04) and pipes for cryogenic applications like LNG transport (Choi et al., 2012a; 2012b; Chul Kim et al., 2011; Kim et al., 2014; 2012; 2013; Ryoo et al., 2011; Yang
et al., 2017). The austenitic γ phase is face-centered cubic (FCC) which transforms into hexagonal closed packed (HCP)ε martensite and body-centered cubic (BCC) α  -martensite. ANGEL and T. (1954) studied the austenite-martensite transformation in 304 SS and proposed an empirical relation for the evolution of martensite volume fraction. Olson and Cohen
identiﬁed the intersection of shear-bands as a nucleation mechanism for martensite embryos and developed a physicallymotivated model for evolution of martensite volume fraction in plastically deformed austenitic steels (Levitas et al., 1998;
Olson and Cohen, 1975). Narutani et al. (1982) proposed a constitutive relation to predict the ﬂow behavior of transforming
metastable austenitic steels based on transformation kinetics and ﬂow properties of individual phases. The authors identiﬁed
static-hardening and dynamic-softening effects arising from martensitic transformation as the two major factors controlling the ﬂow stress. Stringfellow et al. (1992) developed a constitutive model for transforming metastable austenitic steels
where the transformation kinetics were modeled to be dependent on plastic strain, temperature and stress state. Diani and
Parks (1998) modeled the martensite evolution in TRIP (Transformation Induced Plasticity) steels undergoing a multiaxial
thermomechanical loading by focusing on deformation mechanisms within the grain and studied austenitic steels with low
stacking fault energy. Levitas et al. (1998) developed a continuum thermo-mechanical model for martensitic phase transformation in TRIP steels and presented a numerical solution of shear-band intersection based martensitic phase transformation.
The model was based on multiplicative decomposition of the total deformation gradient into elastic, plastic and transformation parts, and generalized Prandtl-Reuss equations (Levitas, 1997a; 1997b; 1998). Garion and Skoczen (2002) developed
a small-strain, homogenization-based constitutive model for austenite-martensite transformation in 316L steel at cryogenic
temperatures. They approximated the evolution of martensite volume fraction in 316L by a linearized form. More recently,
Lee et al. (2009) proposed a Bodner-type damage model to explain the discontinuous yielding phenomenon in austenitic
steels at low temperatures.
While several additional meaningful contributions have been made through recent experimental (Celada-Casero et al.,
2017; Lee et al., 2019a; 2019b; Talonen and Hanninen, 2007; Wang and Beese, 2019) and modeling work (Hamasaki et al.,
2018; Mansourinejad and Ketabchi, 2017; Zaera et al., 2012; Zecevic et al., 2019) on austenite-martensite transformation in
steels, there are signiﬁcant modeling gaps and needs, especially for the cryogenic temperature applications. Most of the
work till date on modeling austenitic steels in the cryogenic temperature range is limited to small strains and small martensite volume fractions, and often employ linear approximations to the sigmoidal evolution form proposed in Olson and Cohen (1975). Additionally, these models are limited to isothermal deformation and a three-dimensional (3D) theoretical large
strain model that can seamlessly predict thermo-mechanical-phase transition response is lacking. In applications, SS is often exposed to a combination of thermo-mechanical loading conditions; an example is cold working of steels to form their
shapes and subsequent in-service deformation at differing cold temperatures. Austenitic phase transitioning SS are employed
in many cryogenic applications and at such temperatures, pre-strains can cause signiﬁcant differences in austenite-martensite
volume fractions as well as in stress-strain response of the steel. Due to the temperature and plastic strain dependence
of phase transformation (increasing martensite volume fraction), the strain-hardening response of SS for heterogeneously
strained structures is quite complex and diﬃcult to predict experimentally. To address these challenges, we present a 3D, ﬁnite strain, thermo-mechanically coupled continuum theory for phase transitioning austenitic steels to model their isotropic
response under complex thermo-mechanical loading for a temperature range that spans room temperature to cryogenic temperature. We have calibrated the model parameters for 316L SS by using tension tests conducted in Buitrago et al. (2010);
Srivastava et al. (2011). We implemented our model in the ﬁnite element program Abqaus Standard by writing a user material subroutine UMAT. The model is validated by simulating a full-scale corrugated ﬂexible pipe geometry commonly used
for LNG transport and comparing it with experiments in Srivastava et al. (2011). Further, we applied our model to evaluate
a simple notch-test geometry and show the effects of phase transition on the global and local structural response.
The plan of this paper is as follows. In Section 2 we develop a physically motivated continuum thermo-mechanical model
and obtain the model parameters for 316L SS. In Section 3, we predict and discuss some typical uniaxial temperature deformation history cases using our model. In Section 4 we validate the predictive capabilities of our model by comparing ﬁnite
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element simulation results against tension and compression tests (involving local inhomogeneous deformations) conducted
on a full-scale corrugated LNG pipe. In Section 5, we discuss martensite evolution and its effect on local and global response
in presence of a notch. We summarize our ﬁndings and conclude the paper in Section 6.
2. Thermo-mechanical theoretical framework
In this section we develop a coupled thermo-mechanical framework for modeling of metastable austenitic steel.
2.1. Kinematics
We adopt a ﬁnite strain framework1 and assume Kröner-Lee multiplicative decomposition (Lee, 1969) of the deformation
gradient F(x) into elastic and plastic parts Fe and Fp as

F = Fe F p ,

det Fe > 0

with

and det F p > 0,

(2.1)

where x represents the material point in the reference conﬁguration. The velocity gradient is related to the deformation
gradient F through

L = F˙ F−1 .

(2.2)

Velocity gradient L can be decomposed into elastic and plastic distortion-rate tensors Le and Lp as,

Le = F˙e Fe −1

and L p = F˙p F p −1 .

(2.3)

Symmetric part of Le is deﬁned as elastic stretching De and symmetric part of Lp is deﬁned as plastic stretching Dp .

De =

1 e

( L + Le )
2

(2.4)

Dp =

1 p

(L + L p )
2

(2.5)

We make the standard assumption that plastic ﬂow is incompressible and hence detF p = 1 and tr D p = 0. Green strain is
deﬁned as,

Ee =

1 e
(C − 1 )
2

and Ce = Fe Fe .

(2.6)

2.2. Constitutive equations
1. Free energy: To represent the macro scale mechanical response of a material point consisting of austenite and martensite
phases, we adopt a Voigt composite formulation. We assume that the constitutive response of the austenite-martensite
steel is such that both phases experience the same deformation gradient.2 The Kröner-Lee decomposition for the two
phases gives,

F = Feγ Fγp = Feα  Fαp  .

(2.7)

We assume that the free energy density ψ (measured per unit reference volume) can be decomposed as

ψ = φγ ψγ (Ceγ , ϑ ) + φα ψα (Ceα , ϑ ) and φγ + φα = 1,

(2.8)

where, for the austenite phase,

ψγ = Gγ |Eeγ |2 +
Eeγ =

λγ

1 e
(C − 1 )
2 γ

2

(tr Eeγ )2 − αγth (2Gγ + 3λγ )(ϑ − ϑ0 )tr Eeγ −

and

Cγ
( ϑ − ϑ0 )2
2ϑ0

Ceγ = Feγ Feγ

(2.9)
(2.10)

and similarly for the martensite phase,

ψα = Gα |Eeα |2 +

λα
2

(tr Eeα )2 − ααth (2Gα + 3λα )(ϑ − ϑ0 )tr Eeα −

Cα 
( ϑ − ϑ0 )2
2ϑ0

(2.11)

1
Notation: We use standard notation of continuum
√ mechanics. Speciﬁcally: Bold capital letters represent second order tensor; a superposed dot denotes
the material time-derivative; trA, det A, and |A| = A : A represent trace, determinant and magnitude of a tensor A.
2
A similar form for steel was discussed in Narutani et al. (1982). A homogenization-based approach wherein α  platelets embedded in the γ −austenite
matrix are treated as Eshelby inclusions is another method/assumption to model the response of austenite-martensite steel (Garion et al., 2006; Iwamoto,
2004; Stringfellow et al., 1992). We ﬁnd that a Voigt-like mathematical framework is a good approximation under ﬁnite strains, considering the martensitic
transformation becomes signiﬁcant only at larger strains.
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1 e
(C  − 1 )
2 α

Eeα  =

and Ceα  = Feα Feα  .

(2.12)

Here λ, G denote the shear modulus and Lame constant respectively, α th denotes the coeﬃcient of thermal expansion
and C denotes the heat capacity. The subscripts γ and α  denote austenite and martensite phases respectively and φ
denotes their volume fractions.
2. Stress:
The driving stress for plastic ﬂow is the symmetric Mandel stress. From the above development, the Mandel stress in the
two phases can be written as,

∂ψγ
= 2Gγ Eeγ + λγ (tr Eeγ )1 − αγth (2Gγ + 3λγ )(ϑ − ϑ0 )1
∂ Eeγ
∂ψα
Meα  =
= 2Gα  Eeα  + λα  (tr Eeα  )1 − ααth (2Gα  + 3λα  )(ϑ − ϑ0 )1.
∂ Eeα
Meγ =

(2.13)
(2.14)

We make the following simplifying assumptions,

Gγ ≈ Gα  = G,

(2.15)

λγ ≈ λα = λ,

(2.16)

αγth ≈ ααth = αth .

(2.17)

Gν
Note λ = 12−2
ν , where ν is the Poisson’s ratio.
The Mandel stress for the two phases can then be written as,

Meγ = 2GEeγ + λ(tr Eeγ )1 − αth (2G + 3λ )(ϑ − ϑ0 )1

(2.18)

Meα  = 2GEeα  + λ(tr Eeα  )1 − αth (2G + 3λ )(ϑ − ϑ0 )1.

(2.19)

For a two-phase Voigt composite,3 the total Mandel stress, M, is

Me = φγ Meγ + φα  Meα 

(2.20)

and the total Cauchy stress, T is,

T = φγ T γ + φα  T α  ,

(2.21)

where the individual contributions to total Cauchy stress from austenite and martensite phases are φ γ Tγ and φα  Tα  ,
respectively. We also have the following relation

Tγ = J −1 Feγ Meγ Fe γ

(2.22)

Tα  = J −1 Feα  Meα  Fe α 

(2.23)





with J = det F.
3. Flow rule:
We adopt the Mises Flow Rule for both the phases as



σ̄γ ≡


3
|Me0γ | = Yγ (ε̄ pγ )
2

3 ˙
ε̄ pγ = |Dγp |,
2

for

ε̄ pγ (X, 0 ) = 0

Dγp = 0

(2.24)

(2.25)

where σ̄γ is the equivalent von Mises stress, ε̄˙ pγ is the equivalent tensile plastic strain rate and ε̄ pγ is the accumulated
plastic strain for the austenite phase. We assume that the direction of the deviatoric stress Me0γ and the direction of
3
We are primarily interested in large strain response when we consider the two phase system response (martensite formation at very small strains is
negligible). At large strains, a reasonable approximation is

Eeγ ≈ Eeα  ≈ Ee
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p

plastic stretching Nγ coincide, also known as the codirectionality hypothesis, therefore



3 e
M = Yγ (ε̄ pγ )Nγp .
2 0γ

(2.26)

We introduce a yield function,



fγ =

3
|Me0γ | − Yγ (ε̄ pγ ),
2

(2.27)

deﬁne a no-ﬂow condition as

Dγp = 0

if

fγ < 0

or if

fγ = 0

and

f˙γ < 0,

(2.28)

and the consistency condition as

if Dγp = 0

then

fγ = 0

and

f˙γ = 0.

(2.29)

The ﬂow rule for martensite is obtained similarly. For our two-phase composite, the total deviatoric Mandel stress follows
from Eqs. (2.21) and (2.26) as



3 e
M = φγ Yγ (ε̄ pγ )Nγp + φα  Yα  (ε̄ pα  )Nαp 
2 0

(2.30)

Assuming that the plastic ﬂow in austenite and martensite are codirectional,

Nγp ≈ Nαp  = N p .

(2.31)

The total deviatoric Mandel stress for the austenite-martensite (composite) material point is given as,



3 e
M = {φγ Yγ (ε̄ pγ ) + φα  Yα  (ε̄ pα  )}N p .
2 0

(2.32)

Further, Narutani et al. (1982) used experimental evidence from forming operations to explain that transformed martensite inherits the same substructure as the deformed austenite. Also, signiﬁcant martensite volume fraction forms only
above moderate plastic strains. For these large strains, we can assume that the elastic strains are negligible compared to
the total strains. Following Narutani et al.’s study indicating equivalent deformation and assuming elastic strains negligible compared to the total strain, gives us

ε̄ pγ ≈ ε̄ pα ≈ ε̄ p .

(2.33)

Therefore, the combined yield function for the austenite-martensite composite is given as,

Y (ε̄ p ) = φγ Yγ (ε̄ p ) + φα  Yα  (ε̄ p ).

(2.34)

4. Equations for heat ﬂux and temperature evolution:
We assume the heat ﬂux to be governed by the Fourier’s law

q = −κ∇ϑ ,

(2.35)

where q is the heat ﬂux deﬁned in the reference frame and κ is the thermal conductivity with the assumption κγ ≈
κα  = κ .
Balance of energy for the two phase system gives us (Srivastava et al., 2010a; 2010b),

ρC ϑ˙ = −Div q + ω (φγ σ̄γ ε̄˙ pγ + φα σ̄α ε̄˙ pα ) − ρ l φ˙α

(2.36)

where, C is the effective speciﬁc heat for the two-phase steel with Cγ ≈ Cα  = C. ω ∼ 0.9 is the fraction of the plastic

work that is converted to heat (Brown et al., 1989), ρ = 7800 kg/m is the equivalent density of steel, and l is the latent
heat due to martensitic phase transformation (Tomita and Iwamoto, 1995).
5. Isotropic hardening law for austenite-martensite steel:
In the following, we develop the isotropic hardening law from physically motivated mechanisms for a single phase steel.
The same physical mechanisms apply to both the γ and α  phases so we will generalize the hardening law to two-phase
steels.
The resistance to initial macroscopic plastic deformation is characterized by yield strength. The temperature dependence
of yield strength originates from thermally activated motion of dislocations under the action of applied forces. The resistance to dislocation motion can be decomposed into two components (Conrad, 1964; 1970; Conrad and Wiedersich,
1960; Kocks and Mecking, 2003; Seeger, 1955):
3

σ̄Y γ = σ̄Aγ + σ̄T γ

(2.37)

Here σ̄Aγ is the athermal component arising due to long-range stresses and it is temperature independent. σ̄T γ , on the
other hand, arises from short-range obstacles to the motion of dislocations and is temperature dependent. For temperatures ≥ 0.25ϑm where ϑm is the melting temperature of the steel, the thermal component of resistance becomes negligible
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and only athermal component remains. Following Reed and Horiuchi (2011), for the temperature range considered in this
paper, we choose a phenomenological form for the thermal component as

σ̄T γ = (σ̄0γ − σ̄Aγ ) exp(−cγ ϑ ),

(2.38)

where σ̄Aγ , σ̄0γ and cγ are material parameters for austenite. From (2.37) and (2.38), the yield stress for austenite phase
is given as,

σY γ = σ̄Aγ + (σ̄0γ − σ̄Aγ ) exp(−cγ ϑ )

[Yield Stress]

(2.39)

Post-yielding, both austenite and martensite phases are known to show power-law hardening behavior (Marshall, 1984;
Reed and Horiuchi, 2011) and hence we propose the following phenomenological form for hardening behavior,

σ̄γ = σ̄Y γ + Kγ ε̄ qpγ

[Hardening Law]

(2.40)

where σ̄γ is the equivalent tensile stress given in terms of temperature dependent quantities σ̄Y γ , Kγ and q.
Similarly for the martensite phase we get,4

σ̄α = σY α + Kα ε̄ rpα

(2.41)

where,

σY α = σ̄Aα + (σ̄0α − σ̄Aα ) exp(−cα ϑ ).

(2.42)

Once the plastic deformation commences, the martensite volume fraction φα  evolves with accumulated plastic strain
and the yield function for the austenite-martensite composite should account for hardening from the martensite phase
as well. We recall Eq. (2.34) to generalize the yield function to austenite-martensite composite,

Y (ε̄ p ) = φγ

σ̄γ + φα σ̄α .

(2.43)

In the expanded form and after applying (2.33),

Y (ε̄ p ) = φγ





σ̄Aγ + (σ̄0γ − σ̄Aγ ) exp(−cγ ϑ ) + Kγ ε̄ qp + φα σ̄Aα + (σ̄0α − σ̄Aα ) exp(−cα ϑ ) + Kα ε̄ rp ,

(2.44)

where Kγ , q, Kα  and r are temperature-dependent strain hardening parameters. We assume a linear temperature dependence of the following form

Kγ = Kγ 0 + Kγ 1 (ϑ − ϑre f )
q = q0 + q1 (ϑ − ϑre f )

and Kα  = Kα  0 + Kα  1 (ϑ − ϑre f )

and r = r0 + r1 (ϑ − ϑre f ).

(2.45)
(2.46)

In the above we can select a convenient reference temperature and we select it to be the cryogenic temperature such
that ϑre f = 77K.
2.3. Kinetics of phase transformations
The proposed yield function (2.44) in Section 2.2 requires a law for evolution of martensite with plastic strain. We follow
the work of Olson and Cohen (1975) who developed a physically-motivated model for the kinetics of austenite-martensite
transformation. The transformation process has two main steps: 1) increasing number of shear-band intersection in the
untransformed austenite due to the increasing plastic strain, and 2) nucleation of martensitic embryos from the intersection
of shear bands. Both these steps are strongly temperature-dependent and stochastic in nature.
Shear-band-free volume is denoted by φ sb . As the austenite steel is plastically deformed, the shear-band-free volume in
untransformed austenite starts to deplete. The volume fraction of shear bands can then be written as

φ˙ sb
= α (ϑ )ε̄˙ p ,
1 − φsb

(2.47)

˙ denotes
where α is the temperature-dependent rate of shear-band formation, ε̄ p is the equivalent plastic strain and ()
derivative with time. α increases with decreasing stacking-fault energy and increasing strain rate, since these factors favor
the shear-band deformation mode. The nucleation of martensitic embryos is assumed to occur primarily at the shear-band
intersections in a probabilistic manner. The average number of martensitic embryos that form per unit austenite volume,
Nα  can be given as

Nα  = pNI ,

(2.48)

4
As some of the austenite transforms to martensite, locally there is additional straining in both martensite and austenite phases due to volume expansion in the martensite phase. Our power law mathematical form is an approximation intended to capture the cumulative stress hardening effect in a
phenomenological manner.
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where NI denotes the number of shear-band intersections per unit volume and p denotes the probability that an intersection
will act as a nucleation site. A power-law dependence of the following form is proposed for the number of shear-band
intersections per unit volume

NI = Kg

 φ a
sb

vsb

,

(2.49)

where vsb is the average volume of a shear band, Kg is a ﬁxed geometric factor and a is a ﬁxed exponent.
Lastly, the rate of increase of martensite volume fraction, φ˙ α  , is given as,
a
vα Kg
φ˙ α
= vα  N˙ α  = β φ˙sb where β =
p.
( 1 − φα  )
(vsb )a

(2.50)

vα  is the average volume of a martensitic embryo and (1 − φα  ) factor indicates decreasing volume available for transformation. (2.47) and (2.50) together describe the temperature-dependent evolution of martensite volume fraction with
accumulated plastic strain. For austenitic steels, temperature dependent of α (ϑ) and β (ϑ) are typically expressed as,


 ϑ − ϑ 
0
α (ϑ ) = α0 + α1 ϑ + α2 ϑ 2 and β (ϑ ) = β0 1 − erf
,
ϑ1

(2.51)

where a, α 0 , α 1 , α 2 , β 0 , ϑ0 and ϑ1 are material parameters and erf is error function.
2.4. Material parameters for 316L steel
The elastic properties of 316L steel were taken from Srivastava et al. (2011). Experiments indicate that the shear modulus for steel increases as the temperature decreases from room to cryogenic temperature. We describe this temperature
dependence of shear modulus by a linear relationship

G(ϑ ) = G0 − G1 (ϑ − ϑre f ).

(2.52)

Poisson’s ratio is taken to be temperature independent and following the assumptions outlined in (2.15), we assume νγ =
να  = ν .
The parameters a, α 0 , α 1 , α 2 , β 0 , ϑ0 and ϑ1 for 316L SS were obtained by ﬁtting φα  (ε̄ p ) to the experimental data of
Spencer et al. (2009) at different temperatures (Fig. 1).
The material parameters for temperature dependence of our proposed yield strength model are found by calibration with
data for 316L steel in 77 K to 300 K range (Buitrago et al., 2010; Reed and Horiuchi, 2011; Spencer et al., 2009; Srivastava
et al., 2011). As a simplifying assumption, we consider cγ = cα  = c. The yield ﬁt is shown in Fig. 2.
The temperature dependence of the ﬂow strength (Kγ and Kα  ) and hardening exponents (q and r) in (2.45) and (2.46) is
found by ﬁtting the stress-strain curve to the uniaxial tension test at 77 K and 298 K on ﬂat dog-bone specimens reported
in Buitrago et al. (2010); Srivastava et al. (2011).
Note that for martensite, we only have value for Kα  and r at reference temperature (77K). We assume that the slope of
linear temperature dependence is same for both martensite and austenite. Therefore, as a simpliﬁcation Kγ 1 = Kα  1 = K1 , and
q1 = r1 = q in (2.45) and (2.46). Fig. 3 shows the ﬁt of the model to the tension test data in Srivastava et al. (2011). As shown,
the model is able to ﬁt the tension tests at room and cryogenic temperature well. Our proposed model is able to capture the
salient feature of strain-induced temperature-dependent austenite to martensite phase transition and corresponding second
strain hardening at large strains. The summary of all the material parameters for 316L SS is reported in Table 1.

Fig. 1. (a) Evolution of martensite in 316L steel with accumulated plastic strain at 77 K (open circle), 213 K (open triangle) and 300 K (open square). The
markers are experimental measurements (Spencer et al., 2009) and solid lines are ﬁt from the model; (b) α (ϑ) and β (ϑ) as a function of temperature for
316L steel obtained by ﬁtting martensite volume fraction to the data in Spencer et al. (2009).
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Fig. 2. Yield Strength for 316L steel in cryogenic to room temperature range. Square and circle markers are experimental results (Buitrago et al., 2010; Reed
and Horiuchi, 2011; Spencer et al., 2009; Srivastava et al., 2011) and solid line shows our model ﬁt.

Fig. 3. Model ﬁt for 316L steel uniaxial tensile tests on ﬂat dog-bone specimen at (a) room and (b) cryogenic temperatures. Left-axis: stress-strain curves.
Right-axis: martensite evolution prediction by the model.
Table 1
Material parameters for 316L steel.
Parameter

Value

Parameter

Value

G0

78230 MPa
0.3
17.3 ×10−6 1/K
0.46 × 103 J/(kg K)
597 MPa
156 MPa
827 MPa
2.74 MPa/K
0.32
0.00176/K
11.25
−0.0 0 0189/K2
285 K

G1
ϑref

66 MPa/K
77 K
25.0 W/(m2 K)
−1.50 × 104 J/kg
884 MPa
421 MPa
5330 MPa
0.0043/K
1.31
8.7
0.026/K
1.15
24 K

ν
α th
C

σ̄0γ
σ̄Aγ
Kγ 0
K1
q0
q

α0
α2

ϑ0

κ
l

σ̄0α
σ̄Aα
Kα  0
c
r0
a

α1
β0
ϑ1

3. Representative thermo-mechanical histories
We implemented our 3D model in the commercial software Abaqus/Standard by writing a user material subroutine
(UMAT) and developed a numerical simulation capability to model and simulate thermo-mechanical loading history of 316L
steel. In this section, we discuss results for three representative thermo-mechanical history cases considering uniaxial and
quasi-static loading conditions.
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Fig. 4. Evolution of volume fraction of martensite with change in temperature at ε̄ ∗ (indicated by the black circle mark).

3.1. Martensite evolution for consecutive deformations at two different temperatures
Olson and Cohen (1975) considered only isothermal deformations in their study. Following their seminal work and our
framework, we consider a deformation example to illustrate the evolution of volume fraction of martensite in a virgin
austenitic steel that undergoes the following sequence of events: i) deformed up to an equivalent plastic strain ε̄ p = ε̄ ∗
at temperature ϑs , ii) unloaded (reduce force to zero) while maintaining the temperature ϑs , iii) let the temperature drop
from ϑs to ϑf (ϑf < ϑs ) without deformation constraint, and iv) deformed the unloaded material at ϑf .
The shear-band volume fraction evolves according to (2.50). The rate of evolution is governed by the temperaturedependent parameter α . For the following loading scenario,


ϑ
ϑ= s
ϑf

ε̄ p ≤ ε̄ ∗
ε̄ p > ε̄ ∗

(3.1)

the coupled equations for shear-band and martensite volume-fraction evolution with ε̄ p are given as,



(1 − φsb )αs ε̄˙ p
(1 − φsb )α f ε̄˙ p

a
(1 − φα )βs φ˙sb
φ˙ α =
a
(1 − φα )β f φ˙sb

φ˙ sb =

ε̄ p ≤ ε̄ ∗
and φsb (ε̄ p = 0 ) = 0
ε̄ p > ε̄ ∗

(3.2)

ε̄ p ≤ ε̄ ∗
and φα  (ε̄ p = 0 ) = 0
ε̄ p > ε̄ ∗

(3.3)

where,

α (ϑs ) ≡ αs and α (ϑ f ) ≡ α f .

(3.4)

β (ϑs ) ≡ βs and β (ϑ f ) ≡ β f .

(3.5)

Fig. 4 shows the evolution of martensite volume fraction with change in
from ϑs = 298 K to ϑ f = 77 K
using the reported material model parameters in Table 1 for 316L steel.
After straining and then unloading at 298 K, when the temperature changes from 298 K to 77 K under constraint-free
condition, the martensite volume fraction remains unchanged during temperature drop. When the material is subsequently
deformed at 77 K, the martensite volume fraction begins to evolve, albeit at a different rate. The rate of martensite evolution
is higher at 77 K (indicated by the circular mark). The resulting martensite content thus lies between the two isothermal
curves at 77 K and 298 K.
temperature5

3.2. Work-hardened to 10% strain at 298 K followed by deformation at various cryogenic temperatures
In the ﬁrst step, virgin 316L steel is strained to 10% and unloaded to account for typical room temperature forming. This is
followed by deformation at different cryogenic temperatures which represent application of room temperature formed 316L
steel subjected to operating loads at cryogenic temperatures. Usingour model, we study how the material response varies
under different cryogenic temperatures. Pre-straining 316L steel at room temperature induces a negligible volume fraction
of martensite as is evident from Fig. 1. When this sample is loaded again at cryogenic temperature, the initial response is
5

In the integrated from, Eqs. 3.2 and 3.3 give the following expression for martensite volume-fraction



φα =

1 − exp{−βs [1 − exp(−αs ε̄ p )]a }
1 − exp{−(βs − β f )[1 − exp(−αs ε̄ ∗ )]a } exp{−β f [1 − exp(−(αs − α f )ε̄ ∗ − α f ε̄ p )]a }

ε̄ p ≤ ε̄ ∗
ε̄ p > ε̄ ∗
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Fig. 5. Model prediction of (a) martensite volume fraction-strain responses and (b) stress-strain responses for 316L steel pre-strained (work hardened) to
10% strain and unloaded at room temperature (298K) and then deformed at cryogenic 77K, 150K, and 213K.

Fig. 6. Model prediction of (a) martensite volume fraction-strain responses and (b) stress-strain responses for 316L steel work-hardened to three different
strains 10%, 15%, and 25% and then unloaded at room temperature (298K) - then deformed further at 77 K.

elastic. Lower the temperature, the higher the initial yield, higher the rate of martensite formation and higher the strain
hardening, thus resulting in higher stresses at lower temperature deformations as shown in Fig. 5.
3.3. Work-hardened to varying strains at 298 K followed by deformation at 77 K
In the ﬁrst step, 316L steel is work-hardened at 298 K by uniaxially deforming it to three different strain cases of 10%,
15% and 25% and then unloading it. The work-hardened 316L is then subsequently deformed at 77 K. While a higher workhardening at 298 K does not lead to any appreciable martensite volume fraction, it produces higher shear-band volume
fraction. A higher shear-band volume fraction provides a higher probability of intersection of shear-bands and potential
nucleation sites for martensitic embryos as the temperature is lowered. Thus higher degree of work-hardening at room
temperature leads to a higher volume fraction of martensite at cryogenic temperatures which then leads to larger stresses
as it is predicted by the model and shown in Fig. 6.
4. Model validation using full scale experiments
We applied our model and 3D numerical simulation capability using a UMAT implementation in Abaqus, and carried out simulations6 involving inhomogeneous deformation of a full-scale 316L steel corrugated pipe (C-pipe) for which
experimental results were published in Buitrago et al. (2010); Srivastava et al. (2011). Note quasi static/slow deformation
6
The full-scale C-pipes used in the experiments were made of same 316L SS for which we have calibrated our material parameters. Previously calibrated
model parameters in Table 1 using simple ﬂat-sheet coupon tests were not changed for the validation simulations.
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Fig. 7. (a) A section of a real helical C-pipe. (b) Schematic of full scale manufacturing of a corrugated pipe. All the steps are accounted for in our ﬁnite
element analysis.

in the experiments allow any heat generated inside the material due to plastic work and phase transformation to dissipate
to the ambient without causing material temperature rise. Fig. 7(a) shows a segment of the C-pipe used in the compression and tension tests. The C-pipes are formed at room temperature and are used as ﬂexible LNG transfer pipes which are
subjected to severe operational loads at cryogenic temperatures.
The numerical simulations were carried out for force-versus-global strain response of the 316L steel corrugated pipe (Cpipe) which was subjected to following thermo-mechanical forming history: at room temperature (298K), an initially ﬂat
sheet was mechanically rolled and seam-welded into a cylinder pipe. Then helical corrugations were cold formed at room
temperature with an external die that revolved around the pipe which was being pulled in the axial direction. This corrugation formation process is illustrated in Fig. 7(b). The global pipe axial strain is deﬁned as the change in pipe length divided
by the initial pipe length. Tension and compression test were done on the corrugated pipes at both room temperature
(298 K) and cryogenic temperature (77 K). In the experiments, 10-pitch long pipe segments were used. Nominal dimensions
for the outer diameter, inner diameter and the thickness of the pipes were 298 mm, 264 mm and 1.3 mm, respectively. The
sinusoidal shaped corrugation had an amplitude of 7.8 mm and a pitch length 30.2 mm.
Finite element simulations were conducted using Abaqus CAX4 element and replicated the complete thermo-mechanical
history of the pipe making followed by the compression and tension test conditions.7 Our ﬁnite element simulation consisted of following three steps:
(i) Rolling: Rolling of ﬂat sheet into a cylindrical form was not explicitly performed in our ﬁnite element simulations.
Effective residual strain from roll forming was estimated8 and added to the starting axisymmetric geometry representing a cylindrical pipe, as initial residual strain prior to subsequent ﬁnite element simulation steps.
(ii) Corrugation forming: Room temperature corrugation forming operation was simulated by applying a sinusoidal concentrated nodal load proﬁle along 1-direction to deform the initially straight pipe. The force proﬁle and nodal force
magnitudes were calibrated to form the corrugation geometry to match the geometry in Srivastava et al. (2011).
(iii) Corrugated pipe deformation: Following the C-pipe forming steps, uniaxial tension and compression simulations at both
room and cryogenic temperatures were conducted. Analysis was performed by ﬁxing 2-direction displacement of one
of the sides (side A) and applying 2-direction (axial) displacement to the other side (side B).
Fig. 8 (a) and (b) show the experimental and ﬁnite element simulation of force-versus-global strain results for tension
and compression tests, respectively, at room and cryogenic temperatures. The pipe is stiffer at 77 K as the uniaxial tests
demonstrated in Fig. 3 and accordingly requires larger forces to deform it as compared to deforming it at 298 K. In the
tension test, at large strains, the corrugations on the pipe are stretched ﬂat to a point where material elongation takes
over geometric elongation, leading to a rapid hardening response. On the other hand, in the compression test, with increasing compressive strain, the corrugations start to collapse as indicated by the nearly ﬂat region of the curve. Comparisons
between the simulation prediction and experimental results show good predictive capability of the model9
7
Srivastava et al. showed that there were no distinguishable mechanical response differences between helical corrugations and axisymmetric corrugation
geometry. Therefore for numerical simulation eﬃciency, we have used axisymmetric geometry assumption.
8
Maximum residual strain from rolling was found to be < 0.005.
9
Note the results are strongly dependent on pipe forming history as it was shown and discussed in Srivastava et al. (2011). In Srivastava et al. (2011), a
very simpliﬁed model was applied to show the strong effect of forming history but this model did not account for the austenite to martensite transformation that occurs at cryogenic temperature.
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Fig. 8. Force versus global pipe strain of a room temperature preformed C-pipe under (a) tensile load and (b) compressive load. Simulation results (dotted
lines) are plotted against experiments (solid lines) for room and cryogenic temperature.

Fig. 9. C-pipe outer bend thickness cross-section at 40% global tensile strain at cryogenic temperature. (a) Martensite volume fraction contours in the pipe
corrugation thickness. (b) Martensite volume fraction in the radial direction across the pipe corrugation thickness.

After validating the predictive capability of the model, we used simulations to examine the local martensite formation
in the corrugated pipe. Fig. 9 shows martensite distribution in the C-pipe’s outer bend for 40% global C-pipe tensile strain
at 77 K. The results show that higher volume fraction of martensite is formed at the inner and outer surfaces of the pipe
corrugation due to higher local strains at the inner and outer surfaces. Fig. 9(a) and (b) further show that the simulation
predicts higher content of martensite near the inner surface as compared to the outer surface. During the initial corrugation
forming, near the outer bend of the corrugation, the inner surface accumulates compressive strains while the outer surface
accumulates tensile strains (this effect is reversed near the inner bend). Following the corrugation forming, when the Cpipe is stretched to a high global tensile strain, the corrugations open to become nearly ﬂat and both the inner and the
outer corrugation surfaces approach same tensile strain state. This results in regions that were subjected to compressive
strains during corrugation forming, experiencing higher net accumulated plastic strains and resulting in higher martensite
formation in these regions.
5. Simulation predictions for a notched ﬂat plate
Understanding the local and global effects of geometric imperfections such as notches on the material is critical for a
variety of engineering applications. Notches are critical as the stress and strain concentration near the notch tip can lead to
crack initiation and fracture, therefore ﬂat plate notch tests are commonly conducted when structural damage assessment
is of concern (Oh et al., 2007; 2011; Tanguy et al., 2008).
Notch effects in metastable austenitic steel structures are strongly temperature dependent and especially complex at
cryogenic temperatures due to the coupled thermo-mechanical and austenite-martensite phase transformation. We use our
model and ﬁnite element simulation capability to evaluate notch effects using a representative 316L steel plate at room and
cryogenic temperatures.

M. Kothari, S. Niu and V. Srivastava / Journal of the Mechanics and Physics of Solids 133 (2019) 103729

13

Fig. 10. Schematic of a notched ﬂat plate with tensile loading boundary conditions.

Fig. 11. Simulation prediction of martensite volume fraction near the notch tip for 2% global plate strain at (a) room temperature, and (b) cryogenic
temperature. The contour is plotted for a cross-section at the middle of the plate thickness. Grey color indicates values greater than maximum in the
legend scale.

Fig. 12. Simulation prediction of Mises stress for 2% global plate strain at (a) room temperature, and (b) cryogenic temperature. The contour is plotted for
a cross-section at the middle of the thickness. Grey color indicates values greater than maximum in the legend scale.

A 50 mm X 40 mm plate with 5 mm thickness was analysed in the simulation (Fig. 10 shows the schematic). The notch
length was 5 mm and the notch tip radius was 1 mm. Material parameters for 316L shown in Table 1 were used for simulation. A displacement boundary condition was applied in 2-direction to stretch the notched plate. Abaqus C3D8 element
was utilized in the simulations, along with the implemented UMAT. All simulations results are shown for the throughthickness mid-plane of the plate. Comparison of martensite volume fraction near the notch tip for the room and cryogenic
temperatures at 2% global far-ﬁeld tensile strain is shown in Fig. 11. For the same applied far-ﬁeld strain, notched plate at
cryogenic temperature shows signiﬁcantly larger martensite volume fraction than a plate strained at room temperature. The
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simulation can predict quantitative values of martensite formation and the results show that the phase transition is localized
near the notch tip where the equivalent plastic strain possess largest values.
A comparison of Mises stress for the room and cryogenic temperature deformation cases shown in Fig. 12, clearly indicates a strong inﬂuence of temperature dependent phase transformation on distribution and magnitude of stress ﬁeld along
the notched ﬂat plate. Safe design and application of metastable material structures at cryogenic temperatures will require
an accurate prediction of local and global stresses and austenite-martensite material phases. As demonstrated, the model
proposed in this paper is able to provide material and mechanical response reasonably well.
6. Concluding remarks
We have developed a thermo-mechanically coupled constitutive theory and a numerical simulation capability for modeling the response of phase transitioning austenitic steels in ambient to cryogenic temperature range. The model parameters
were calibrated for 316L stainless steel using tension test data at room and cryogenic temperatures. Our validation study
on full-scale 316L stainless steel corrugated pipe illustrates that the model is in good agreement with experimental results.
Our proposed constitutive theory is able to model the effects of complex thermo-mechanical histories experienced due to
forming and application occurring at different temperatures. We envision that such models can be useful for guiding safe
design of austenitic steel based cryogenic and low temperature structures.
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